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Abstract: From the black hole thermodynamics point of view, we show that the entropy
function f and the free energy F are related via f = eIqI+ΩHqIA
I
φ
′− ∂F∂r |rH . Assuming the
entropy function is known for extremal black holes, we propose an approach to calculate
the entropy of non-extremal cases by slightly moving the extremal black hole geometry
from extremality. The entropy of non-extremal D1D5- and D1D5p-branes in the presence
of higher derivative corrections are computed as concrete examples. An attempt has also
been made to explain why the entropy function method can calculate the corrected entropy
without knowing the exact form of black hole solution in higher derivative gravity theories.
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1. Introduction
The entropy function formalism proposed by Sen, turns out to be a very powerful method
in computing extremal black hole entropy in the presence of higher derivative gravity terms
[1]. Usually, the entropy function method is composed of three steps. The first is to write
near horizon geometry of an extremal black hole in n dimensions into AdS2 × Sn−2 with
constant radii vi. The next step is to assume the coupled electric, magnetic fields, and
scalar fields to be some constants ui. Finally, introducing a function (a function of vi
and ui), which is the integral of Lagrangian density over the horizon S
n−2 and performing
the Legendre transformation of this function with respect to electric field strengths and
extremizing it with respect to the scalars vi and ui. The entropy function method extends
the understanding of the attractor mechanism by showing that not only scalar fields but
also every parameter of the near horizon geometry of an extremal black hole can be fixed
by extremizing a function evaluated near the horizon.
Actually, the entropy function formalism makes the computation of Wald’s entropy
formula [2], a more general formalism for computing black hole entropy in the presence
of higher derivative terms, much simpler. Even though the entropy function formalism is
initially claimed to work for supersymmetric extremal black holes in supergravity theories,
there are several attempts to apply the entropy function to non-supersymmetric extremal
black holes[3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] and even non-extremal black holes
[16, 17]. However, several problems are required to be clarified on the entropy function
formalism:
1). It is amazing that only from the near horizon geometry, the entropy function formalism
computes the entropy of an extremal black hole by means of a Legendre transformation.
However, people usually use the full spacetime geometry to compute the black hole entropy.
Therefore, how to relate the entropy function formalism with the traditional understanding
of black hole thermodynamics? Fortunately, this problem has been discussed by several
authors in Ref[18, 19]. The authors established the connection between the entropy func-
tion method and the traditional Euclidean approach for black hole thermodynamics at zero
temperature limit and found that the entropy function agrees with the zero temperature
limit of the Euclidean action.
2). In some of the literature, the entropy function method has been extended to non-
extremal black holes. However, there are no attractor mechanisms for non-extremal so-
lutions. How to grantee that the extension of the entropy function formalism is safe?
This is the main purpose of this paper. We first discuss the relations between black hole
thermodynamics and the entropy function formalism and then we propose a method to
compute the entropy of near extremal black holes when higher derivative gravity terms
are taken into account. The main idea of our method is that we slightly move the black
hole geometry from extremality where the extremal entropy function is still valid. In this
case, the near-extremal black hole entropy and the extremal black hole entropy function
approximately satisfy a equation TS′ + T ′S ≈ fex. One can solve this equation to obtain
the near-extremal black hole entropy.
3). The near horizon metric ds2 = v1(−r2dt2+ dr2r2 )+v2dΩ2n−2 was used in obtaining higher
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derivative corrections to extremal black hole entropy. It seems that one can calculate the
corrected entropy without knowing the exact metric of extremal black holes in higher
derivative gravity theory. We will explain this point by showing that the AdS2 × Sn−2
geometry does not change in the presence of curvature square terms.
It is found in the present paper that the entropy function f and the free energy F
are related by f = eIqI +ΩHqIA
I
φ
′ − ∂F∂r |rH . Our results imply that applying the entropy
function method to non-extremal black holes might have difficulties, because the near hori-
zon geometry of non-extremal solutions in higher derivative gravity theory are not always
AdS2 × Sn−2. As to the third point, Sen speculated that in any general covariant theory
of gravity coupled to matter fields, the near horizon geometry of a spherically symmetric
extremal black hole in n dimensions has SO(2, 1) × SO(D − 1) isometry [20]. In four and
five dimensions, this postulate was proved in [21, 22, 23]. The near horizon geometry
of non-extremal black holes in the presence of higher derivative gravity terms might not
have the SO(2, 1) × SO(D − 1) isometry, and also there is no attractor mechanism for
non-extremal black holes. However, in order to overcome the above difficulties, we focus
on a class of black holes which have extremal correspondences and whose entropy can be
obtained from the entropy function formalism. Once the behavior of an extremal black
hole is known by using the entropy function formalism, we put some “excess” energy into
the extremal black hole and make it “near-extremal” with low but non-zero temperature.
With this non-strict approach, we can calculate the entropy of non-extremal black holes
including the higher derivative corrections.
The paper is constructed as follows. In section 2 we establish the connections between
black hole thermodynamics and the entropy function formalism for non-extremal black
holes. In section 3 we review the relations between the near horizon geometry of extremal
black holes and the higher derivative gravity corrections. In section 4 and section 5, we
give two examples of how to extend the entropy function to non-extremal black holes when
higher derivative corrections are taken into account. Section 6 contains concluding remarks.
2. Entropy function and Euclidean black hole thermodynamics
To be general, we start from an n-dimensional universal metric
ds2 = gijdx
idxj . (2.1)
According to Sen’s entropy function method, the metric is required to deform into a metric
of extremal black holes with near horizon geometry AdS2 × S2, namely [1]
ds2 = v1
(
−r2dt2 + dr
2
r2
)
+ v2dΩ
2
n−2. (2.2)
where v1 and v2 are assumed to be constants. We do not deform the metric (2.1) into near
horizon geometry and the advantage of the deformed metric (2.2) will be discussed later.
Now we denote f as function of the lagrangian density
√−det g L on the horizon with the
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following form 1
f =
∫
dx3...dxn
√
−det g L, (2.3)
where the lagrangian density may include gravitational fields, scalar fields, gauge fields and
covariant derivatives of these fields i.e. L = Ltree + Lcorr, and {x3...xn} are the angular
coordinates. The Euclidean action can be obtained by doing a Wick rotation t→ iτ , i.e.2
IE =
∫
dτdrf. (2.4)
For a stationary black hole, we have
IE = β
∫
drf = βF, (2.5)
where β is the Euclidean time and F is the free energy according to Hawking and Page[24].
Now we would like to discuss the relationship between the function f and Wald entropy
formula. Consider the lagrangian as an n-form L(ψ), where ψ = {gab, Rabcd,Φs, F Iab}
denotes the dynamical fields considered in this paper, including the spacetime metric gab,
the corresponding Riemann tensor Rabcd, the scalar fields {Φs, s = 0, 1, · · · }, and the U(1)
gauge fields F Iab = ∂aA
I
b − ∂bAIa with the corresponding potentials {AIa, I = 1, · · · }. Under
this definition, the variation of L is
δL = Eψδψ + dΘ, (2.6)
where Θ is an (n − 1)-form, which is called symplectic potential form, Eψ corresponds to
the equations of motion for the metric and other fields. Let ξ be any smooth vector field
on the space-time manifold, then one can define a Noether current form as
J[ξ] = Θ(ψ,Lξψ)− ξ · L. (2.7)
We will consider ξ to be a killing vector vanishing on the bifurcation horizon. Thus,
Lξψ = 0 and Θ(ψ,Lξψ) = 0. The fact that dJ[ξ] = 0 will be preserved when the equations
of motion are satisfied shows that a locally constructed (n−2)-form Q[ξ] can be introduced
and an “on shell” formula can be obtained
J[ξ] = dQ[ξ] . (2.8)
Wald’s analysis based on the first law of black hole thermodynamics showed that for general
stationary black holes, the black hole entropy is a kind of Noether charge at horizon [2]
and can be expressed as
SBH = 2π
∫
H
Q[ξ] , (2.9)
1The function defined here is different from that of Sen’s definition in that f = 2piT ′fsen.
2More precisely, by doing a Wick rotation t→ iτ , function f should be replaced by
fE ≡
Z
dx
3
...dx
n
p
det gE L(iτ ).
However, we do not need to distinguish f from fE since they have the same value.
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where ξ represents the Killing field on the horizon, and H is the bifurcation surface of the
horizon. It should be noted that the Killing vector field has been normalized to have unit
surface gravity. Integrating over a Cauchy surface C on Eq.(2.8) and using Eq.(2.7), we
find that ∫
C
J = −
∫
C
ξ · L =
∫
C
dQ[ξ] (2.10)
In an asymptotically flat spacetime, we have the interior boundary at the horizon H and
the outer boundary at infinity ∞. We obtain∫
C
dQ[ξ] =
∫
∞
Q−
∫
H
Q, (2.11)
where we have used the Stokes theorem. The Euclidean action IE corresponds to [2]
IE = − 1
T
[∫
C
ξ · L+
∫
∞
t ·B
]
, (2.12)
where B is an (n− 1)-form defined as
δ
∫
∞
t ·B =
∫
∞
t ·Θ.
From Eqs.(2.5), (2.10), (2.11) and (2.12), one finds that
F +
∫
∞
t ·B =
∫
∞
Q−
∫
H
Q (2.13)
Note that the “canonical energy” E and the “canonical angular momentum” J are defined
by [2],
E =
∫
∞
(Q[t]− t ·B), (2.14)
J = −
∫
∞
Q[ϕ]. (2.15)
For an asymptotically flat black hole metric, one can choose the Killing vector as ξa =
ta +ΩµHϕ
a
(µ) with ΩH the angular velocity of the horizon, then one obtains
F = E −ΩµHJµ −
∫
H
Q[ξa] (2.16)
The variation of Eq.(2.16) leads to
δF = δE − ΩµHδJµ − δ
∫
H
Q[ξa] (2.17)
The Noether charge is composed of the contributions from the U(1) gauge fields and grav-
itational fields, that is to say
Q = QF +Qg + ... (2.18)
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where
QFa1···an−2 =
∂L
∂F Iab
ξcAIcǫaba1···an−2 , (2.19)
Qga1···an−2 = −
∂L
∂Rabcd
∇[cξd]ǫaba1···an−2 . (2.20)
Now, following the work of Ref.[25], we consider a stretched region near the horizon ranged
from rH to rH + δr, i.e.
δ
∫
H
Q[ξa] =
∫ rH+δr
rH
(
QF[ξa] +Qg[ξa]
)
(2.21)
Taking account of the Killing equation, we have ∇[aξb] = 2κǫab (where κ is the surface
gravity of the hole), and the two parts are found to be[25]
∫ rH+δr
rH
Qg[∂t +ΩH∂φ] = δr
[
κ′E + κE′
]
rH
+O(δr2) , (2.22)
∫ rH+δr
rH
QF [∂t +ΩH∂φ] = −(qIeI +ΩHqIA′φ)δr +O(δr2). (2.23)
where E(r) is defined as
E(r) ≡ −
∫
H
∂L
∂Rabcd
ǫabǫcddx
1 · · · dxn−2 . (2.24)
The above formula is exactly the Wald formula for entropy without the factor 2π [2].
According to the definition of entropy function in (4.4) of [25], we find E(r) is related to
the entropy by 2πE(rH ) = S. eI and the U(1) electrical-like charges in Eq. (2.23) are
defined to be
eI ≡ F Irt(rH), (2.25)
A′Iφ = (∂φ)
aAIa, (2.26)
qI ≡ −
∫
r
1
(n− 2)!
∂L
∂F Iab
ǫaba1···an−2dx
a1 ∧ · · · ∧ dxan−2
= − ∂
∂eI
∫
rH
L
2(n − 2)!ǫ
ab
ǫaba1···an−2dx
a1 ∧ · · · ∧ dxan−2 = ∂f(rH)
∂eI
, (2.27)
where we have written F Iab(rH) as −eIǫab. If the near horizon extension rH → rH + δr is
also done for the free energy, we find that
δF = −
∫ rH+δr
rH
fdr = −f(rH)δr +O(△r2) (2.28)
Substituting Eqs. (2.22), (2.23) and (2.28) into Eq. (2.17), we obtain(
f(rH)− qIeI − ΩHqIAIφ
′)
δr = δE −ΩµHδJµ − (SδT + TδS). (2.29)
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This formula describes the first law of black hole thermodynamics written in terms of F .
In fact, one can show that (qIeI +ΩHqIA
I
φ
′
)δr is related to ΦδQ where Φ = ξaAa|H is the
electrostatic potential on the horizon of the hole and Q =
∫
∂L
∂F I
ab
ǫaba1···an−2 is the electric
charge[26]. According to Sen’s entropy function definition, the entropy function is defined
by
f = −f(rH) + qIeI +ΩHqIAIφ
′
. (2.30)
Finally, we come to the equation for the entropy function
fδr = δE − ΩµHδJµ − (SδT + TδS). (2.31)
From the first law of black hole thermodynamics, we know that δE = TδS +ΩµHδJµ, and
fδr = SδT. (2.32)
It becomes clear that the entropy function is closely related to the free energy via
f = eIqI +ΩHqIA
I
φ
′ − ∂F
∂r
|rH . (2.33)
Note that the discussions on the relations between Wald entropy formula and the entropy
function method in Ref.[25] only works for spacetimes with vanishing ”canonical energy”
i.e. E = 0 (for example pure de Sitter space or pure anti-de Sitter space), because the
boundary condition at infinity is not included in their discussions. We also emphasize
here that Eq.(2.31) describes the relations between the black hole thermodynamics and
the entropy function in an asymptotically flat space. When we extend our discussions
to asymptotically anti-de Sitter (AdS) or de Sitter space, we need impose corresponding
boundary conditions because the mass definition in asymptotically AdS spaces is different
from that in asymptotically flat spaces.
In the zero temperature limit, our results agree with the results obtained in Ref.[18, 19].
We know that F = TIE, so Eq.(2.33) becomes
f = eIqI +ΩHqIA
I
φ
′ − TI ′E − T ′IE . (2.34)
When T → 0, we find that
fex = eIqI +ΩHqIA
I
φ
′ − T ′IE = ST ′. (2.35)
We can redefine e˜I = eI/T
′, f˜ = fex/T ′ and A˜Iφ = A
I
φ
′
/T ′, and obtain
f˜ = e˜IqI +ΩHqIA˜
I
φ − IE = S. (2.36)
The above equation was first obtained in Ref.[18, 19]. Comparing the thermodynamic
result Eq.(2.36) with the Sen’s entropy function, i.e.
S = 2π(eiqi − fsen). (2.37)
We have (see also [18, 19])
e˜I = 2πei, qI = qi, IE = 2πfsen. (2.38)
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We emphasize that IE in Eq.(2.36) is defined in the zero temperature limit,in particular,
the free energy is also evaluated in the zero temperature limit. In this sense, the Euclidean
action in Eq.(2.36) is quiet different from Euclidean action for the non-extremal black holes
[33].
3. Near horizon geometry and higher derivative curvature terms
Now let us interpret Sen’s entropy function method from Eq.(2.31). Usually according
to Sen’s entropy function method, if we can deform the near horizon geometry of ex-
tremal black holes into AdS2 × Sn−2, the calculation of Wald’s entropy formula SBH =
−2π ∫ dn−2x√h ∂L∂Rabcd ǫabǫcd becomes very simple. Remarkably, even without knowing the
solutions in higher derivative gravity theory, one can obtain the higher order corrections
to entropy of extremal black holes (such as extremal 3- and 4-charge black holes in string
theory [27, 28]). Here we explain why Eq.(2.2) makes sense in obtaining higher derivative
entropy corrections.
We give a demonstration for AdS spaces together with curvature squared corrections.
The general action of n-dimensional R2-gravity with cosmological constant and matter.
The action is given by
I =
∫
dnx
√−g
{
1
16πGn
R− Λ+ aR2 + bRµνRµν + cRµνρσRµνρσ + Lm
}
, (3.1)
where a, b, c are arbitrary small coefficients derived in string theory, Lm is the lagrangian
for the matter fields, and the negative (positive) constant Λ creates an AdS (dS) space
with radius l2 = − (n−1)(n−2)16piGnΛ . By the variation over the metric tensor gµν , we obtain the
equation of motion, i.e. the Einstein equation with R2 corrections
1
8πGn
(
Rµν − 1
2
gµνR+ 8πGngµνΛ
)
= Tmatterµν + a(
1
2
gµνR
2 − 2RRµν + 2∇µ∇νR− 2gµνR)
+b
(
1
2
gµνRρσR
ρσ + 2∇µ∇αRαµ −Rµν − gµνR/2− 2RαµRαν
)
+c
(
1
2
gµνRαβρσR
αβρσ − 2RµαρσR αρσν − 4Rµν + 2∇µ∇νR+ 4RαµRαν − 4RαβRµανβ
)
(3.2)
Since the near horizon geometry of extremal black holes always has the geometry of AdS2×
Sn−2, we may consider a pure AdS space in the Poincare coordinate, where the AdS metric
is considered as the near horizon limit of an extremal black hole and temperature of the
AdS space is therefore zero. The unperturbed AdS metric reads
ds2 =
1
z2l2
(−dt2 + d~x2)+ l2
z2
dz2, (3.3)
where z = 1/r with respect to (2.2). We choose the metric (3.3) which is the Poincare
coordinate that covers part of the manifold, because the near horizon geometry of extremal
black holes is always AdS2×Sn−2. Following Ref.[29], we can calculate the curvature square
– 8 –
corrections to metric (3.3) straightforward. The perturbed metric turns out to be
ds2 =
1
z2l2
[
−
(
1 +
16(n − 4)πGn
(n− 2)l2 ((n− 1)na+ (n− 1)b+ 2c)
)
dt2 + d~x2
]
+
l2
z2
(
1 + 16(n−4)piGn
(n−2)l2 ((n − 1)na+ (n− 1)b+ 2c)
)dz2. (3.4)
From (3.4), one can find that, at least to the first order of a, b and c, the R2 corrections
have no effect on the geometry of AdS space except the AdS scale. Therefore it is safe
to compute the higher curvature corrections to extremal black hole entropy by using the
unperturbed metric, i.e. the near horizon geometry (2.2). Actually, this is not restrict to
extremal black holes with near horizon geometry AdS2× Sn−2. We found that for pure de
Sitter space the entropy with higher derivative corrections can also be obtained without
knowing the corrected metric[30].
4. Entropy for non-extremal D1D5-branes with R4 corrections
The entropy function formalism works well for extremal black holes, since the near horizon
geometry of extremal (i.e. BPS) black hole has the exact geometry of AdS2 × Sn−2. To
extend the entropy function formalism to non-extremal black holes, we will move away from
the extremality slightly. We assume the temperature of non-extremal black holes TH ≪ 1
and then the entropy S = −T ∂IE∂T − IE ≈ −IE. From Eq.(2.34) and Eq.(2.35), we have
TS′ + T ′S ≈ fex. (4.1)
Therefore, once we know the entropy function for extremal black holes, we can obtain
the non-extremal black hole entropy by considering small non-extremality. To make sure
the above proposal works well for non-extremal black hole when higher derivatives correc-
tions are included, we first make a doubt check on non-extremal D1D5-branes, which was
recently calculated in Ref.[31].
4.1 Entropy function method
The type II supergravity action in string frame read as
SII =
1
16πG10
∫
d10x
√−g
{
e−2φ
(
R+ 4∂µφ∂
µφ− 1
12
H2(3)
)
− 1
2
∑
n
1
n!
F 2n
}
, (4.2)
where φ is the dilaton, H(3) is NS-NS 3-form field strength, and F(n) is the electric R-R
n-form field strength where n = 1, 3, 5 for type IIB supergravity and n = 2, 4 for type IIA
supergravity. The near horizon geometry of non-extremal D1d5-branes, which is given by
the following line-elements
ds2 =
r2√
Q1Q5
[
−(1− r
2
0
r2
)dt2 + dy2
]
+
√
Q1Q5
r2
(1− r
2
0
r2
)−1dr2 +
√
Q1Q5dΩ
2
3 +
√
Q1
Q5
4∑
i=1
dz2i
e−2φ =
Q5
Q1
, Frty = 2
r
Q1
, Frtyz1...z4 = 2
r
Q5
(4.3)
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We can see in the following that even we start from extremal D1D5 systems, the non-
extremal D1D5-branes entropy can be obtained by using (4.1). The extremal metricD1D5-
branes systems reads
ds2 =
r2√
Q1Q5
[−dt2 + dy2]+ √Q1Q5
r2
dr2 +
√
Q1Q5dΩ
2
3 +
√
Q1
Q5
4∑
i=1
dz2i (4.4)
In order to apply the entropy function formalism to the extremal D1D5-branes, one should
deform the near horizon geometry to the most general form which is the product of the
AdS-Schwarzschild and S3 × T 4 space,
ds2 = v1
{
r2√
Q1Q5
[−(dt2 + dy2]+ √Q1Q5
r2
dr2
}
+ v2
{√
Q1Q5dΩ
2
3 +
√
Q1
Q5
4∑
i=1
dz2i
}
e−2φ =
Q5
Q1
u, Frty = 2
rv
3
2
1
Q1v
7
2
2
≡ e1, Frtyz1...z4 = 2
r
Q5
v
3
2
1 v
1
2
2 ≡ e2, (4.5)
where v1, v2, u are assumed to be constants. The function f is defined to be the integral
of the Lagrangian density over the horizon, so from (4.2) and (4.5) we can write
f(v1, v2, u, e1, e2, r) ≡ 1
16πG10
∫
dxH
√−gL
=
V1V3V4r
16πG10
Q
3/2
1 Q
−1/2
5 v
3/2
1 v
7/2
2
×

6uQ 125 (v1 − v2)
Q
3
2
1 v1v2
+
Q
1
2
1Q
1
2
5
2v31r
2
e21 +
Q
5
2
5
2Q
3
2
1 v
3
1v
4
2r
2
e22

 , (4.6)
where V1 is the volume of S
1, V3 is the volume of the 3-sphere with unit radius, and V4 is
the T 4 volume. The entropy function is then written as
fex(v1, v2, u) ≡
(
ei
∂f
∂ei
− f
)
=
V1V3V4
16πG10
v
3/2
1 v
7/2
2 r
(
6u(v2 − v1)
v1v2
+
2
v72
+
2
v32
)
(4.7)
Now, we use the entropy function equation TS′ + T ′S ≈ fex(v1, v2, u), where the surface
gravity is given by κ =
√
grr ddr
√−gtt = r√Q1Q5 . Solving the entropy function equation, we
find that
S =
V1V3V4
16G10
√
Q1Q5v
3/2
1 v
7/2
2 r
(
6u(v2 − v1)
v1v2
+
2
v72
+
2
v32
)
. (4.8)
Extremizing S with respect to vi and ui, we obtain
∂S
∂v1
= 0,
∂S
∂v2
= 0,
∂S
∂u
= 0, (4.9)
with the following solutions
v1 = v2 = 1, u = 1. (4.10)
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Substituting the above values back to Eq.(4.8), we finally obtain the entropy for non-
extremal D1D5 branes
SBH |horizon =
V1V3V4r0
√
Q1Q5
4G10
, (4.11)
where r0 is the event horizon radius. The result agrees with that of Ref. [31], but the
method here is rather simpler.
We can see in the below that even when the higher derivative terms are included, the
entropy function equation still works well. When the next leading order Lagrangian for
type II theory is included, the action becomes [32]
S =
1
16πG10
∫
d10x
√−g
{
Ltree + e−2φ (γW )
}
, (4.12)
where γ = 18ζ(3)(α
′)3 and W can be written in terms of the Weyl tensors
W = ChmnkCpmnqCh
rspCqrsk +
1
2
ChkmnCpqmnCh
rspCqrsk . (4.13)
For the metric configuration (4.5), the contribution of the above higher derivative terms to
the entropy function
∆f(v1, v2, u) = −γuV1V3V4
√
Q1Q5
16πG10
v
3
2
1 v
7
2
2 r
[
3(35v42 − 20v31v2 + 18v21v22 − 20v1v32 + 35v41)
32Q21Q
2
5v
4
1v
4
2
]
(4.14)
Substituting (4.7) and (4.14) back into the entropy function equation TS′+T ′S ≈ fex(v1, v2, u)+
∆f(v1, v2, u), we find that
S|r=r0 =
V1V3V4
16G10
√
Q1Q5v
3/2
1 v
7/2
2 r0
(
6u(v2 − v1)
v1v2
+
2
v72
+
2
v32
−γ
√
Q1Q5
3(35v42 − 20v31v2 + 18v21v22 − 20v1v32 + 35v41)
32Q21Q
2
5v
4
1v
4
2
)
. (4.15)
The final result can be obtained by extremizing E with respect to v1, v2 and u, that is to
say,
∂S
∂v1
= 0,
∂S
∂v2
= 0,
∂S
∂u
= 0. (4.16)
The solutions yield
v1 = 1− γ 51
32(Q1Q5)
3
2
, v2 = 1− γ 27
32(Q1Q5)
3
2
, u = 1 + γ
33
8(Q1Q5)
3
2
. (4.17)
We finally obtain the entropy of non-extremal D1D5-branes under higher derivative cor-
rections
SBH =
V1V3V4r0
√
Q1Q5
4G10
[
1− γ 9
8(Q1Q5)3/2
+O(γ2)
]
. (4.18)
Again, we reproduce the result of Ref.[31]. Now it is safe to extend this method to more
general conditions.
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4.2 Wald’s formula for the R4 term
We can also calculate the R4 correction to the entropy of D1D5-branes by using the Wald
expression, which is given by
SBH = −2π
∫
H
d3x
√
h
∂L
∂Rµνρσ
ǫµνǫρσ, (4.19)
where ǫµν is the binormal to the bifurcation surface, and ǫµνǫ
µν = −2. The Wald entropy
for AdS-Schwarzschild has been calculated in [33] and we will follow the method in [33] to
calculate the entropy for D1D5 systems. One can choose ǫµν = ξµην − ξνηµ, where ξ = ∂∂t
is the Killing vector field, and η = −g−1tt ∂∂t− ∂∂r is the null vectors normal to the bifurcation
Killing horizon. Now, keeping in mind that e−2φ = Q5Q1 , we can rewrite the R
4 corrections
to the Lagrangian,
∆L =
γQ5
16πG10Q1
W (4.20)
Therefore, the corrections to the entropy is given by
∆SBH = − γQ5
8G10Q1
∫
H
dxH
√
h
∂W
∂Rµνρσ
ǫµνǫρσ = − γQ5
8G10Q1
∫
H
dxH
√
h
∂W
∂Cabcd
∂Cabcd
∂Rµνρσ
ǫµνǫρσ
(4.21)
Using the unperturbed metric Eq.(4.3), one can obtain
∂W
∂Cabcd
∂Cabcd
∂Rµνρσ
ǫµνǫρσ =
9
4
1
(Q1Q5)
3
2
. (4.22)
Note that the integral of Wald entropy is defined over the horizon H = S1 × S3 × T 4 and√
h = Q
3
2
1Q
− 1
2
5 r0. Finally, we obtain
∆SBH = −γ 9V1V3V4r0
32(Q1Q5)
(4.23)
The total entropy becomes
SBH =
V1V3V4r0
√
Q1Q5
4G10
(
1− γ 9
8(Q1Q5)
3
2
)
, (4.24)
which agrees with Eq.(4.18).
5. Entropy of near-extremal D1D5p black holes
In this section, we extend the method of the modified entropy function to calculate near-
extremal 3-charge black holes. In the following of our calculation, we assume that the 3-
charge black holes is near extremal with small temperature so that we can use the extremal
black hole entropy function and Eq.(4.1) to compute the entropy of near-extremal D1D5p
black holes.
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5.1 10-dimensional case
The entropy of extremal D1D5p black holes in the presence of higher derivative corrections
can be easily computed using Sen’s entropy function [28]. By releasing the extremal con-
straint slightly, we hope to compute the non-extremal 3-charge black hole approximately.
The near horizon geometry of D1D5p metric is M3 × S3 × T 4 where M3 is the deformed
AdS3 geometry.
The non-extremal black hole metric in n = 10 is given as follows in string frame
ds210 = (f1(r)f5(r))
− 1
2 [−dt2 + dz2 +K(r)(coshσdt+ sinhσdz)2]
+ (f1(r)/f5(r))
1
2 dx2‖ + f1(r)
1
2 f5(r)
1
2 [
dr2
1−K(r) + r
2dΩ23],
e−2φ =
f5
f1
, (5.1)
where
K(r) =
r20
r2
, f1(r) ≡ 1 + Q1
r2
= 1 +
r20 sinh
2 α
r2
, f5(r) ≡ 1 + Q5
r2
= 1 +
r20 sinh
2 χ
r2
, (5.2)
The conserved charges carried by this hole are
N1 =
V r20sinh2α
2gsα′3
, N5 =
r20sinh2χ
2gsα′
, Np =
R2zV r
2
0sinh2σ
2g2sα
′4 , (5.3)
where V = R5R6R7R8, Ri(i = 5, 6, 7, 8) denote the radii of the four coordinates in x‖, and
Rz is the radius of the compact dimension z, along which there is a momentum P . The
extremal limit can obtained by
r0 → 0, α→∞, χ→∞, σ →∞, (5.4)
while holding Q1, Q5, and Qp = r
2
0sinh
2σ fixed. The near horizon geometry of extremal
D1D5p system has the following form
ds2 = v1
(
Qp − r2√
Q1Q5
dt2 +
√
Q1Q5
dr2
r2
+
Qp + r
2
√
Q1Q5
dz2 − 2 Qp√
Q1Q5
dtdz
)
+ v2
(√
Q1Q5dΩ
2
3 +
√
Q1
Q5
dx2i
)
. (5.5)
When Qp = 0, the geometry is AdS3×S3×T 4. The entropy function for extremal D1D5p
black holes can be obtained from (4.2) and (5.5) (see also [28]),
fex =
4π3RVT 4
16πG10
rQ
3
2
1Q
− 1
2
5 v
3
2
1 v
7
2
2
[
6us(v2 − v1)
(Q1Q5)
1
2 v1v2
+
Q
1
2
5
Q
3
2
1
(
2
v32
+
2
v72
)
]
, (5.6)
where the value of v1, v2, us can be obtained by extremizing the entropy function
v1 = v2 = us = 1. (5.7)
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Substituting the above formula into the equation
TS′ + T ′S ≈ fex, (5.8)
where T = 12pir0 coshα coshχ cosh σ , again we obtain
SBH = 2πE = 2πRV r
3
0
g2sα
′4 coshα coshχ cosh σ. (5.9)
Actually, the entropy functions for extremal D1D5p black holes at n = 5 and n = 10 are
identified with each other. So, we reproduce the entropy for non-extremal D1D5p black
holes.
5.2 R4 corrections to non-extremal 10-dimensional D1D5p black hole entropy
The R4 corrections to extremal 3-charge black hole entropy was obtained in [28]. In this
subsection, we will extend the previous results to non-extremal case. Usually there are
several forms of higher order of corrections in type II superstring theory. we can consider
the higher derivative corrections in [32]
Lcorr = γe
−2φ(L1 − 2L2 + λL3),
L1 = R
hmnkRpmnqRh
rspRqrsk +
1
2R
hkmnRpqmnRh
rspRqrsk,
L2 = R
hk(12RhnpkR
msqnRmsq
p + 14RhpmnRk
pqsRqs
mn +RhmnpRkqs
pRnqsm),
L3 = R(
1
4RhpmnR
hpqsRqs
mn +RhmnpR
h
qs
p
Rnqsm),
(5.10)
where γ = 18ζ(3)α
′3 and λ is a parameter which signifies the ambiguity in the field redefi-
nitions of the metric. Now the corrected entropy function becomes
fex +∆f =
4π3RVT 4
16πG10
rQ
3
2
1Q
− 1
2
5 v
3
2
1 v
7
2
2
[
6us(v2 − v1)
(Q1Q5)
1
2 v1v2
+
Q
1
2
5
Q
3
2
1
(
2
v32
+
2
v72
)
−6γus 7v
4
1 + 7v
4
2 + 6λQ
1
2
5 (v
4
1 − v2v31 + v42 − v1v32)
v41v
4
2Q
2
1Q
2
5
]
, (5.11)
The solutions to the equations of motion of moduli by extremizing the corrected entropy
function are found to be
v1 = 1 +
63γ
11(Q1Q5)3/2
, v2 = 1− 91γ
11(Q1Q5)3/2
, us = 1 +
567γ
11(Q1Q5)3/2
. (5.12)
Then we obtain the corrected entropy function
fex +∆f =
4π3RVT 4
16πG10
r(1− 84γ
(Q1Q5)3/2
) (5.13)
Then the entropy is given by
SBH =
2πRV r30
g2sα
′4 coshα coshχ coshσ(1−
84γ
(Q1Q5)3/2
). (5.14)
When κ→ 0, we return to the extremal case with R4 corrections.
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6. Conclusions
In summary, we have proved that the entropy function is related to the free energy via
f = eIqI + ΩHqIA
I
φ
′ − ∂F∂r |rH . In this sense the entropy function is nothing special but a
transformed version of black hole thermodynamics. We have found that the secret of the
entropy formalism relies on the near horizon geometry of the metric. While the near horizon
geometry of a extremal black hole might have SO(2, 1)×SO(D−1) isometry (for spherically
symmetric black holes ) or SO(2, 1)×U(1) isometry (for rotating holes) in higher derivative
gravity theory is not generally proved, we have pointed out that the higher derivative terms
do not change the geometry of AdS space in Poincare coordinate. We have also proposed
that when we slightly move the black hole geometry from extremality the extremal entropy
function is still valid. In this case, the near-extremal black hole entropy and the extremal
black hole entropy function approximately satisfy a equation TS′ + T ′S ≈ fex. One can
solve this equation to obtain the near-extremal black hole entropy. As concrete examples,
we calculate the entropy of non-extremal D1D5- and D1D5p-branes in the presence of
higher derivative corrections. Although the above method is not rigorously established,
our computations agree with the results obtained in previous literature.
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